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Abst rac t  The angles  o f  propagation w i l l  be derived from 
t h e  convective wave equation and i t s  ao lu t ions .  
Addi t ional  convective e f f e c t s  must then be consia- 
ered  both i n  t h e  dlict and i n  t h e  f a r - f i e i a  s o  t h a t  
i n f e rences  can be m d e  regarding t h e  f a r - f i e l d  r ad i -  
a t i o n  f o r  both s t a t i c  and e x t e r n a l  flow condi t ions .  
These cases  a r e  handled by a l lowing d i f f e r e n t  Hach 
numbers i n  t h e  duct  and i n  t he  surrounding medium. 
Approximations w i l l  De used t o  ob ta in  s imp l i f i ed  
equat ions  f o r  t h e  angles  of propugation.  Exact 
s o l u t i o n s  f o r  t hese  angles  us ing Hankel func t ion  
r o l u t i  as a r e  given i n  appendix A and a r e  used t o  
check the  approximations made i n  t h e  main t e x t .  
The angles  of propagat ion  of t he  wave f r o c t s  
assoc:ated wi th  t h e  duct  modes a r e  der ived f o r  a 
c y l i n d r i c a l  duct  with a uniform s t eady  flow. These 
a r e  the  angles  which t h e  normal of t he  l o c a l  wave 
f r o n t  makes with t he  coordinate  axes.  The main em- 
phasis  i s  upon t h e  propagation angle  wi th  r e spec t  t o  
t h e  duct  a x i s  and i t s  r e l a t i o n  t o  t h e  f a r - f i e l d  
acous t i c  r a d i a t i o n  p a t t e r n .  When the  s teady f l u u  
Hach number i s  accounted f o r  i n  the  duct ,  the propa- 
ga t ion  ane l e  i n  t h e  duce i s  shown t o  be coincident  
wich the  angle  of the  p r inc ipa l  lobe of f a r - f i e l d  
r a d i a t i o n  obtained us ing the  Wiener-Hopf technique.  
D i f f e ren t  Mach numbers a r e  allowed wi th in  the  duct 
acd in the e x t e r n a l  f i e l d .  Some i n t e r e s t i n g  r e s u l t s  
of the ana lys i s  have impl ica t ions  regarding s t a t l c  
noise  t e s t s  and ex te rna l  flow convective e f f e c t s .  
For s t a t i c  t e s t s  v i t h  a s t eady  flcw i n  an i n l e t  but  
'\D 
with no ex t e rna i  Mach number t he  f a r - f i e l d  r a d i a t i o n  
R; pa t t e rn  i s  s h i f t e d  considerably  toward t h e  i n l e t  
41 
P. a x i s  when compared t o  zero  Mach number r a d i a t i o n  
theory.  A s  the  e x t e r n a l  Mach number i s  increased 
the  noise  r a d i a t i o n  p a t t e r n  i s  s h i f t e d  avay from t h e  
i n l e t  a x i s .  The theory  i s  developed us ing epproxi- 
mations f o r  sound p r o p a g ~ t i o n  i n  c i r c u l a r  duc t s .  An 
exact  a n a l y s i s  us ing Hankel funct ion  so lu t ions  f o r  
t he  zero Mach number case  i s  given t o  provide a 
check of t he  s impler  approximate theory .  
Symbols 
modal pressure  c o e f f i c i e n t ,  s e e  eqs.  (Z), 
(A-2) and (A-3), ~ i r n ~  
speed of sound, or the  magnitude of t he  vave 
v e l o c i t y  vec to r  normal t o  a plane wave 
f r o n t ,  mlsec 
components of vecto?  c ,  i = x, r ,  8 ,  m/bec 
r e s u l t a n t  v e l o c i t y  vec to r ,  d s e c  
f i r s t  kind and o rde r  m, Hankel func t ion  of 
s e e  eq .  (A-4) 
Hankel funct ion  of 
s e e  eq .  (A-L) 
second kind and o r d t r  n, 
In t roduc t ion  
- 
magnitude o f  E (1) 
m The angle which the  wave f r o n t  normal vec to r  
makes with t h e  duct  a x i s  i s  s i g n i f i c a n t  s ince  t h i s  
angle governs the  l oca t ion  of the  p r i n c i p a l  lobe of 
the f a r - f i e l d  r a d i a t i o n .  This  has been shown i n  
semi-Lnf 'n i te  r ec t an  u l a r  duc t s  with uniform flow by 
V r i g h t ( l f  and C l r d e l b )  and i n  c i r c u l  ducts  f o r  
t he  no-flow case  by Homicz and Ta rd i . ? j )  Steady 
flow i n  the  duct  w i l l  be rhowc t o  have an important 
e f f e c t  upon t h e  f s r - f i e 1 2  r a d i a t i o n  p a t t e r n .  
Besse l  funct ion  of t he  f i r s t  kind of order  n 
- -1  
magnitude of K, m 
dimensionless l o c a l  wavenumber, see  eq.  (A-18) 
l o c a l  wave number vec to r ,  m-1 
wave number, d c ,  m*' 
r a d i a l  wave number, m-' 
Also of s ign i f i cance  i s  t he  angle  vhich the  
vave f r o n t  normal makes v i t h  t h e  radia '  - . o r d i n a t e  
which i a  t he  angle cf ~ n c i d e n c e  upon tne  w a l l .  This 
angle  of incidence is 3o~Lmately  r e l a t e d  t ? q Inode ru t -o f f  r a t i o  r h i ~ h  a s  been shorn by i t ice * I  f t o  
c o r r e l a t e  t h e  pe r fomanre  of acous t i c  auppressors .  
The angle  of incidence upon t h e  wal l  i s  a l s o  nece 
aa ry  f o r  ray  t r a c i n g  techn;quea a s  used by Posey 7; 1 
Bcp t r a c i n g  techniques were a l s o  used by ~ a c q u e s ~ )  
t o  ob ta in  approximate f i i g h t  e f f e c t s  upon round ro- 
d i a t i n g  from j e t  e x Z ~ u s t  pipes.  I n  r e f r .  6 md 7 
t h e  connection b e t v e e ~  the a c o u s t i c  r ay  m g l e s  aad 
t h e  duct  modes wer- n o t  c m r i d e r e d .  It ahould be 
noted when consider ing r r g l e r  of propagation o f  t h e  
vave f r a n t r  compriri tp,  a wC: i n  a so f t -wa l l  duc t ,  
t h a t  these  angles  rill be modified by t h e  acous t i c  
l i n e r  boundary cond i t i -o .  Tbis e f f e c t  v i l l  be re- 
por ted  i n  a r e p s r a t e  paper. @) 
*Head-Acoustic8 Sect ion .  Heuhrr AIAA 
combined r a  i r l - c i r c u m f e r e n t i a l  vave number 
(a / r0) ,  m- P 
a x i a l  wave number, m-l 
t r ansve r se  wave number i n  r ec t angu la r  duc t ,  
m-1  
c i r cumfe ren t i a l  vave n d c r ,  m'l 
Mach number 
Mach number i n  duct  
Mach number i n  murrounding medium 
sp inn ing  mode lobe  number 
a r o u r t i  c presoure ,  N/m 2 
f a r - f i e l d  p re s su re  f o r  mta t i c  t e s t s ,  N/m 2 
**Aerorpaca Engineer, ~ e n j e r  AIAA 
tAcoustice Consultant 
2 f a r - f i e l d  pressure  with ex te rna l  f l w ,  N/m 
outward t r ave l ing  pressure  vrve  n a cyl in-  1 d r i c a l  duct ,  oce eq. (A-2). N/m 
inward t r a v e l i n g  pressure  wave i n  a cy l in -  
d r i c a l  duc t ,  met eq. (A-3). N/& 
r a d i a l  coordinate,  m 
duct r ad ius ,  m 
c i r cumfe ren t i a l  a r c  length ,  m 
time, s e c  
a x i a l  group ve loc i ty ,  d s e c  
phase v e l o c i ~ y  normal t o  wave f r o n t  i n  cy l in -  
d r i c a l  duct ,  m/sec 
9 x i a l  coordinate,  m 
Bessel funct ion of the aecond kind and order  
m 
rec tangular  coordinate ,  m 
hardwall  duct mode eigenvalue 
where m is the  number of lobes f o r  t h e  mpinning 
mede (c i rcumferent ia l  order) ,  )I the  r a d i a l  order  
number of  t he  mode, Ipw i a  t he  a x i a l  wave number, 
u, is the  c i r c u l a r  fre&ncy, ro i m  t h e  ou te r  wall  
r a d i u ,  % 1s the mode eigenvalue,  and J, i m  t he  
Bessel f u n c t i ~ o  of  the  f i r a t  kind and o rde r  m. 
For b rev i ty ,  the  rubsc r ip t s  w i l l  be de- 
l e t e d ,  md i t  w i l l  be understood t h a t  a mingle (but 
q u i t e  genera l )  mode i n  being considered. When 
eq. (2) is i n s e r t e d  i n t o  eq. (1) the  r e s u l t  i s ,  
Zbe f i r s t  term i n  eq. (3) i s  a combined r a d i a l -  
t ransverse  wave number o f t e n  denated by, 
' .  ,i: , . - 
ci rcumferent ia l  coordinate ,  radians 
,dy,, p, 9 ' I  : '. :. - - 
mode cut-off r a t i o ,  Bee eq. (11) 
phzse of H:'), radians  This combination of wave numbers is, a s  w i l l  be 
shown l a t e r ,  t he  cause of the  t roub le  i n  def in ing 
some of the  propagation angles i n  c y l i n d r i c a l  ducts .  wave f r o n t  propagation angle r e l a t i v e  t o  
r a d i a l  coordinate ,  angle of incidence on 
the  wa l l ,  deg The approximation w i l l  now be made t h a t  the  
wave f r o n t s  behave l o c a l l y  as plane waves propa- 
gat ing skewed t o  t h e  coordinate  angles of the  duct.  
The f r n a l  approximate equations w i l l  be checked by 
an exact  bu t  more cumbersome s o h t i o n  us ing Hanitel 
f u n c t i o v  i n  appendix A. The approxir,ate so lu t ions  
a r e  found t o  be r u f f i c i e n t l y  accurate  near tile cyl-  
i n d r i c a l  duc t  w a l l  where the  angle of i nc ide r~ce  
would be used and where moat of t he  acous t i c  in t en -  
s i t y  usua l ly  e x i s t s .  The ith propagation angle can 
be  defined by, 
vave f r o n t  p r o ~ a g a t i o n  angle with r e spec t  t o  
c i r cmfe re r ,  i a l  a r c  d i r e c t i o n ,  same as ,- 
deg 
're ' 
wave f r o n t  propakation angle r e l a t i v e  t o  
a x i a l  coordinate ,  deg 
wave f ron t  propagation angle measured from y 
coordinate ,  aeg 
vave f r o n t  propagation angle r e l a t i v e  t o  
c i r . w , f e r e n t i a l  coordinate ,  deg 
ki 
cos Vi  = - ( 5  fi constant  phase value,  see  eq. (A-lo), radians  r e s u i t a n t  a x i a l  propagation angle i n  duct ,  deg 
angle between duct ax i s  and peak of the  
p r inc ipa l  lobe of  r a d i a t i o n  i n  the  f c r -  
f i e l d ,  deg 
vhich i s  der ived i n  appendix 8, and where i = r ,  
0 ,  o r  x and q i s  the  angle  between the  normal 
t o  the  wave f r o n t  and the  i t h  coordinate  ax i s .  
When t h e r e  i s  no flcw, egs.  (3) and (4) can be shown 
t o  y i e l d  the  usua l  r e s u l t ,  
c i r c u l a r  frequency, r ad ians / sec  
Subscr ip ts  
des ignates  quan t i ty  f o r  m* ci rcumferent ia l  
and Gth  r a d i a l  mode 
and then eq. (5) becomec the  s tandard d i r e c t i o n  
cosine  express ion,  Development of the  Propagation &lea 
- 
k 
cos o - -$ t o r  5 = o i (7 The vave equation i n  a c i r c t j l a r  duct wi th  r s teady flow can be expressed a s ,  
For f i n i t e  Mach number however, from eqs .  (3) 
and (41,  
vhere  x, r ,  m d  8 a r e  the  usual  c y l i n d r i c a l  
coordinates ,  t i s  t'lu. Ug 10 Mach ntlmber, c t h e  
speed of round, md P is the  acous t i c  pressure .  
The molut im t o  eq. ( I )  fo r  the  pressure  i s ,  
Axial  Propagation Angle 
The angle  o f  propagation wi th  r e spec t  t o  t h e  
x-axis  can be found wi thout  f u r t h e r  approx imt ion .  
The a x i a l  wave number can be found by rearranging 
eq.  (3) t o  y i e l d  
where 
It i r  reasonable t o  assume t h a t  
h e r e  t h e  p lus  s i g n  has been se l ec t ed  f o r  t h e  r ad i -  
c a l  t o  provide t h e  express ion f o r  t he  wdve t r a v e l i n g  
i n  the  p o s i t i v e  x  d i r e c t i o n .  Eqs. (5). (8) m d  
(9) then y i e l d ,  which i s  t h e  r e s u l t  t h a t  vould be obta ined us ing a  
r ec t angu la r  approximation t o  a  t h i n  annulus and 
equ iva l en t  t o  t h e  approach suggested by Cumpsty. t h  
Thus us ing eqs .  (4 ) ,  (16) and (17). 
and then us ing  eqs.  (5) and (8) t h e  o the r  propaga- 
t i o n  angles  can be c a l c u l a t e d  a s  (10) 
(10) a r e  known. 
t he  mode cu t - a f f  
where a l l  of the  q u a n t i t i e s  t n  eq .  
It i s  convenient he re  t o  in t roduce  
r a t i o ,  
and 
which i s  cons i s t en t  with the  d r r i - a t i on  
and McCann, (') b u t  where cut-af f  occurs 
Eq.  (16) then becomes, 
of S o f r i n  
when 5 = 1. 
-MD + ,h - 1 / k 2  
cos TX = Notice t h a t  (Fr and go va ry  wi th  duct r ad ius  
whi le  Vx does not .  In t roducing the  mode cut -off  
r a t i o  (eq. (11)) and l e t t i n g  r = ro, t h e  angle  of 
inc idence  a t  t h e  w a l l  can be w r i t t e n  as, 
Note t h a t  when % = 0 
cos C X  = {-' 
cos 
s i n  vx = I / ( ,  f o r  l+, = 0 
It i s  n w  easy t o  s e e  why t h e  cut -off  r a t i o  approx- 
imate ly  c o r r e l a t e d  t h e  optimum wa l l  impedance values  
f o r  a c o u s t i c  l i n e r s  i n  r e f .  4 .  For a given Mach 
number and f o r  smal l  m/u t h e  angle  of inc idence  
upon the  w a l l  i s  a  func t ion  only o f  cut -off  r a t i o .  
m e  s c a t t e r  i n  t he  above mentioned c o r r e l a t i o n  oc- 
cu r r ed  mainly f o r  t h e  high c i r cumfe ren t i a l  lobe 
number, l o v  r a d i a l  o rde r  modes whera m/c was n o t  
sma l l .  i q .  (21) shows t h i s  r a t i o  t o  be  an add i t i on -  
a: va r  ' a b l e  when i t  i s  n o t  sme l l .  Perhaps a  b e t t e r  
c o r r e l a t i n g  parameter f o r  optirmm impedance would 
be  t h e  angle  o f  inc idence  upon the  w a l l  r a t h e r  than 
the  cu t -o f f  r a t i o .  f i l s  has  been invee t lga t ed  and 
v i l l  be  r epo r t ed  in r e f .  8. It should be noted  t h a t  
t h e  r f t  w a l l  boundary cond i t i on  w i l l  a l t e r  t h e  
angle  of inc idence  from t h a t  g iven i n  eq. (21).  
which i s  the  same r e l a t i o n s h i p  a s  given f o r  t h e  
angle of the peak of the  p r i n c i p a l  lobe of f a r  f i e l d  
r a d i a t i o n  a s  given i n  r e f s .  4 and 10. l h i s  co r r e -  
spondence between propagation angle with r e spec t  t o  
the duct  a x i s  and f a r - f i e l d  r a d i a t i o n  has been noted 
previous ly  f o r  zero  Mach number i n  r e f s .  1 t o  3. 
This corresponder.ce w i l l  be shown, i n  t h e  next  sec-  
t i o n ,  t o  hoid f o r  c y l i n d r i c a l  ducts  wi th  t he  same 
flow i n  t he  duct  and i n  the surrounding mediuro. 
Radial  and Circumferent ia l  Propagation Angles 
As noted e a r l i e r ,  eq. (12) can b? obta ined 
wi thout  add i t i ona l  approximations.  However, t h e  
angle o f  inc idence  on the  wa l l  (rqr) and t h e  angle  
t o  t he  t r ansve r se  o r  c i r cumfe ren t i a l  d i r e c t i o n  (Q~) 
cannot be  obta ined e x a c t l y  u s ing  t h e  present  method 
because a s  shown i n  eqri. (3) and (4). t h e  r a d i a l  
and t r ansve r se  wave numbers a r e  combined through 
t h e  mode e igen  va lue  (a). The t r a n s v e r s e  wave 
number can be obta ined f r a n  eq. (2) a s  f o l l o v s ,  
Pa r -F ie ld  Rad ia t ion  Considera t ions  
As mentioned p rev ious ly  t h e  a x i a l  angle  of 
p r o p a g a t i m  has  been a h a m  t o  correspond t o  t h e  
engle  of maximum n o i s e  propagat ion  i n  t h e  f a r - f i e l d  
f o r  z e r o  Mach number. However, f o r  t h e  ca se  s f  
uniform Mach d e r  both in t h e  duc t  and i n  the 
surrounding medium, m expreas iun can be  w r i t t e n  
oKIGMAL PAGE 16 
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f r a n  t h e  r e a u l t a  of r e f s .  2 ,  3, and 12 a s ,  
where qP is  the  approximate angle  f o r  t h e  peak of 
the p r i n c i p a l  lobe of r a d i a t i o n  i n  t h e  fmr f i e l d .  
The z e r o  Mach number case  of eq.  (22) has  been rhovn 
t o  be  a  c l o s e  approximation f o r  t h e  l o c a t i o n  of t h e  
peak of the  p r i n c i p a l  lobe of t h e  f a r - f i e l d  r ad i a -  
ti p a t t e r n  f o r  unflanged ducts  i n  r e f .  3. Saule 
( 1 3  has  s h m  t h a t  us ing t h e  duc t  e igrnvalue  t o  
ob ta in  e s t ima te s  of t h e  p r i n c i p a l  lobe peak angle  
can r e s u l t  i n  a  small  e r r o r  f o r  t h e  ca se  of a  
f langed duct r a d i a t i o n  p a t t e r n  and he  provides a  
method f o r  applying a  co r r ec t ion  t o  t h i s  angle  i f  
i t  i s  cons idered  necessary.  
The f i r s t  obja c t i v e  h e r e  i s  t o  show t h a t  t he  
r e s u l t a n t  a x i s l  an Le of propagation i n  t h e  duct  
wi th  Mach numbar coincides  p r e c i s e l y  with t he  r e -  
s u l t  given by eq. (22). This  v i l l  provide con f i -  
dence t h a t  t h e  convective e f f e c t s  upon r a d i a t i o n  
a r e  being proper ly  modeled. Then the  more i n t e r -  
e s t i n g  case  of d i f f e r e n t  Mach numbers w i th in  and 
ou t s ide  the  duct  w i l l  be der ived.  
Resul tant  Axial Propagation Angle i n  the  Duct 
The geometry of t he  wave propagation vec t c r s  
i s  s h a m  i n  f i g .  1, and the  d e r i v a t i o n  which follows 
i s  considered t o  be done a t  t he  o u t e r  w a l l .  S ince  
the  a x i a l  propagation angle  ex does n o t  vary with 
r ad ius  i n  t h e  present  approximste a n a l y s i s  i t  i s  
nc: c r u c i a l  wi th  regard  t o  the r a d i a l  p o s i t i o n  used. 
Hovever i n  appendix A, the  exact  s o l u t i o n  us ing 
Hankel funct ions  show $x t o  a c t u a l l y  be  a  funct ion  
of r ad ius  s o  the  approximate a n a l y s i s  i s  t r u l y  
v a l i d  only nea r  t h e  o u t e r  w a l l .  
I n  f i g .  1, the  vec to r  c  (speed of sound) i s  
n o m a l  t o  t h e  r a v e f r o n t .  The propagat ion  angles 
q , W , and TF, a r e  t he  angles  betveen the  vec to r  c  
a8d t g e  coordinate  axes and a r e  ca l cu l a t ed  as i n  
eqs .  (12) ,  (19), and (20).  The components of c 
a r e  ca l cu l a t ed  from, 
The r e s u l t a n t  d i r e c t i o n  of propagation w i l l  n o t  be  
normal t o  t he  wave f r o n t  bu t  w i l l  be  i n  t h e  d i r ec -  
t i o n  of the  r e s u l t a n t  vec to r  cR. The s t eady  flow 
v e l o c i t y  (c Mg) m a t  be added t o  cx i n  a  mariner 
s i m i l a r  t o  t h ~ t  done i n  r e f s .  6  and 7 .  The r e s u l -  
t a n t  v e c t o r  cR conta ins  t he  combined e f f e c t ,  due 
t o  duct  Mach number, of the  change i n  wave f r o n t  
d i r ec t ionb  m d  the  d r i f t  v e i o c i t y .  
The angle vhich i s  now of i n t e r e s t  f o r  compari- 
son wi th  t he  f a r - f i e l d  r a d i a t i o n  principal lobe 
peak (eq. (22)) i s  t h e  angle * between t h e  r e su l -  
t a n t  vec to r  cR and t h e  duct  axin (x). This ang le  
can be  def ined by, 
numerator of eq .  (24) can be rhuwn t o  be, 
and ca i a ,  
Thus eq .  (24) becomes 
A comparison of eqs.  (22) and (27) shows t h a t  
a r e  i d e n t i c a l .  The s u b s c r i p t  appears on MD 
eq. (27) t o  denote t h a t  i t  i s  t h e  Mach number 




i n  
i n  t he  
angle 
CX v i l l  nQ be changed ( r e f r a c t i o n  e f f e c t s  ne- 
g l ec t ed )  and i f  t h e  Mach nunber ou t s ide  the  duct  i s  
the  same as  i n  the  duct  (as  assumed f o r  de r iva t ion  
of  eq. (22) i n  r e f .  33 then the  d r i f t  v e l o c i t y  e f -  
f e c t  i s  a l s o  the  same as  i n  t h e  ducc. Thus i t  i s  
now ev iden t  t h a t  fo r  t he  ca se  vhich  can be checked 
by exact  r a d i a t i o n  a n a l y s i s  t h a t  t h e  r e s u l t a n t  a x i a l  
propagation angle  i n  t he  duct  i s  i d e n t i c a l  t o  t h e  
angle of t h e  peak of t he  p r i n c i p a l  lobe i n  t h e  f a r  
f i e l d .  
Some o t h e r  i n t e r e s t i n g  observat ions  can be made 
from the  above r e l a t i o n s h i p s .  The a x i a l  component 
of the  r e s ~ l t a n t  v e l o c i t y  vec to r  c ~ ,  a s  given by 
eq .  (25),  i s  t he  a x i a l  group v e l o c i t y  -.hich could be 
der ived f r m  eq. ( 3 )  by applying 
Also a t  mode cut -off  ( 5  = 1 )  t h e  a x i a l  group veloc-  
i t y  i s  zero  and * 90'. I n  c o n t r a s t ,  from 
eq. (12),  t h e  a x i s l  propagat ion  angle qX a t  c u t -  
o f f  i s ,  
As an example f o r  an i n l e t  w i th  = -0.4, $, - 
66.40 whi le  f o r  an exhaust  duc t  v i t h  MD = 4 . 4 ,  
0,- 113.6. Thus, f o r  an i n l e t ,  t h e  vave f r o n t  i s  
t i l t e d  toward t h e  a x i s  vhich  has  important impl ics-  
t i o n s  upon s t a t i c  t e s t  r a d i a t i o n  p a t t e r n s  a s  w i l l  
become more evident  i n  the nex t  s e c t i o n .  For t h e  
exhaust  ca se  t h e  vave appears t o  be going i n  t h e  
wrong d i r e c t i o n  m t  mode c u t - o f f .  It i s  t h e  angle  dr 
and no t  Qx h i c h  governs t h e  sound propagat ion  i n  
the duc t .  This  convect ive  d r i f t  v e l o c i t y  e f f e c t  has  
been used i n  r e f s .  6 and 7 ,  hauever,  i t  was no t  r e -  
l a t e d  t o  modal p r o p e r t i e s .  
The v e c t o r s  cR and cg a r e  coneidered c o n r t m t  
in t h e  de r iva t ion .  Af ter  some mmipu la t ion  t h e  
Ef fec t  of External  Mach Number on 
--
Far-Fie ld  Radiation 
previous f a r  f i e l d  r  d i a t i o n  t h e o r i e s  applfca- 
b l e  t o  engine i r ~ l e t s ( ~ , ~ ~ ~  have d e a l t  with the  
spec i a l  cases of zero  Mach number o r  uniform Mach 
number i n s ide  and ou t s ide  t h e  duc t .  For an exhaust 
duct ,  d i f f e r ences  i n  duct  Mach number and e x t e r n a l  
Mach number across  a  d iscont inuous  s l i p  l a y  
been handled i n  an exac t  a n a l y s i s  by savkart"Qa::d 
i n  an a  proximate ray  t r a c i n g  approach by Jac- 
ques. (7y However, f o r  an engine i n l e t  t h e r e  a r e  no 
sharp  d i s c o n t i n u i t i e s  along c y l i n d r i c a l  su r f aces  out  
i n  f r o n t  of the i n l e t  which would be required  f o r  
these  l a t t e r  two s t u d i e s  t o  be v a l i d .  The following 
ana lys i s  i s  proposed t o  account f o r  changes i n  t he  
f a r - f i e l d  r a d i a t i o n  p a t t e r n  occurr ing  i n  s t a t i c  
t e s t s  and i n  t e s t s  wi th  e x t e r n a l  flow. 
I n  the  previous s e c t i o n s  t h e  e f f e c t s  of duc t  
Mach number upon the  angles  of propagation i n  t h e  
duct  have been der ived and have been shown t o  be 
considerable .  The propagation angle uirich bas been 
shown t o  be c o n t r o l l i n g  f o r  t h e  f a r - i i c l d  r a d i a t i o n  
(when proper ly  co r r ec t ed  f o r  convect ive  d r i f t  veloc- 
i t y )  i s  t h a t  between the  wave f r o n t  normal and t h e  
duct ax i s .  A s  t he  vave f r o n t  passes o u t  of t he  duct  
i n l e t ,  only d i f f r a c t i o n  and r e f r a c t i o n  call change 
the  d i r e c t i o n  of t h i s  wave f r o n t .  D ~ f f r s c t i o n  
s c a t t e r s  t he  sound and causes t he  lobed p a t t e r n  i n  
t h e  f a r - f i e l d ,  but  t he  bulk  of the  acous t i c  pswer 
s t i l l  r a d i a t e s  i n  t he  predes ignated  d i r e c t i o n  de- 
t 5mined  by the  r e s u l t a n t  a x i a l  propagation angle.  
Refrac t ion  throu,3h v e l o c i t y  o r  temperature g rad ien t s  
can bend the  wave f r o n t s  and could poss ib ly  be in -  
cluded p r i o r  t o  t he  a p p l i c a t i o n  of t h e  following 
analysis. For t he  p re sen t ,  however, r e f r a c t i o n  e f -  
f e c t s  w i l l  be neglec ted .  
I t  i s  thus assumed t h a t  t h e  a x i a l  propagation 
angle 6 ,  der ived i n  t h e  duct  ec-.-irormsnc i s  a l s o  
v a l i d  i n  t he  f a r - f i e l d .  I t  i s  thus only necessary  
t o  apply the ex t e rna l  d r i f t  v e l o c i t y  co r r ec t ion  
which i n  genera l  w i l l  be  d i f f e r e n t  from t h a t  of the 
duct .  
I n  the  f a r - f i e l d ,  t he  normal t o  t h e  vave f r o n t  
l i e s  e s s e n t i a l l y  in the  r a d i a l - a x i a l  p lane  and only 
ax i a l  and r a d i a l  ve loc i ty  corponents need t o  be con- 
s idered  in  a  cylindrical coordinate system. F i g .  2  
shows a  sketch of the  v e l o c i t y  vec to r s .  A l l  t h a t  
needs t o  be done i s  t o  apply the  ex t e rna l  f i e l d  
( f l i g h t  or s t a t i c )  d r i f t  v e l o c i t y  c c r r e c t i o n  t o  t he  
vector  c .  Recall  t h a t  :, i s  unchanged from i t s  
va lue  i n  the duct  and i s  given by, 
The p r inc ipa l  lobe of r a d i a t i o n  can be  expected a t  
an angle where, 
c  + c -  
cos qp = -- 
CR 
After  mane manipulations t h i s  mg:e can be  expreaaed 
by, 
I f  the  ex t e rna l  v e l o c i t y  i s  t h e  same as  t he  duct 
r t eady  flow v e l o c i t y ,  then eq .  (32) reduces t o  the  
r p e c i a l  ca se  of eq .  (27). Eq. (32) can be  consid- 
e r ed  as  an equat ion  desc r ib ing  the  e f f e c t  of a wlnd 
tunnel  v e l o c i t y  ~ i n c e  i n  genera l  I& b,S %. 
Far-Field Angles f o r  S t a t i c  T e s t s  
An important s p e c i a l  ca se  of eq. (32) i s  t h a t  
of M, = 0 vhich i s  app l i cab le  for  s t a t i c  engine 
t e r t s .  Eq. (32) then reduces t o  
which i s  of course t he  same as  t h e  qx  r e l a t i o n s h i p  
given by eq.  (12). Sample c a l c u l a t i o n s  u s ing  
eq.  (33) a r e  s h o w  i n  f i g .  3. Of p a r t i c u l a r  i n t e r -  
e s t  a r c  t he  modes near  cu t -o f f .  I f  t he  duct  Mach 
number i s  zero ,  t h e  p r i n c i p a l  lobe of f a r - f i e l d  r a -  
d i a t i o n  w i l l  occur a t  go3. I h i s  of course i s  a l s o  
p red ic t ed  by previous  r a d i a t i o n  theo r i e s  when M;, = 
0 o r  when % = &. However, as  the  i n l e t  duct  
Mach number i nc reases ,  t he  near  cut -off  modes propa- 
ga te  more toward t h e  a x i s .  For example st a  t y p i c a l  
i n l e t  Mach number of -0.4, bp = 66.4O. A t  MD = 
-0.8, fp 36.1° which must account :or a t  l e a s t  
some of t he  apparent  s i d e l i n e  a t t e n u a t i o n  of a nea t  
son ic  i n l e t  s t a t i c  t e s t .  For @odes above cut-of f 
t h e  sane  t rends  a r e  observed wi th  a  s h i f t  of the  
scund. r a d i a t i o n  toward t h e  ax i s .  
The r e s u l t s  s h m  i n  f i g .  3 a r e  qus1 i t a t i v r :y  
corrobora ted  by a c o u s t i c  suppress ion r c s u l t s  f o r  
t h e  b lade  passage frequency as  repor ted  i n  r e f s  15 b 
and 16. oThe maxiuum suppress ion occurred a t  70 
(oniy 10 i n t e r v a l s  measured) f r m  the  i n l e t  a t  f u l l  
englne  speed wi th  8 clnch number MD = -0.375. For 
t hese  s t a t i c  t e s t s  the  b l ade  passage frequency 
should be r i c h  i n  modal content  near  cu t -o f f .  Pre-  
v ious  r a d i a t i o n  t h e o r i e s  would thus  p r e d i c t  a  peak 
a t t e n u a t i o n  nea r  90' f o r  t hese  most e a s i l y  a t t e n -  
ua t ed  modes near  c u t - c f f .  I h e  p re sen t  r a d i a t i o n  
theory ,  eq .  (33) o r  f i g .  3, would p r e d i c t  t h a t  peak 
a t t e n u a t i o n  should occur nea r  68' vhich  i s  i n  good 
agreement with exper imenta l  r e s u l t s .  Also apparent 
in the  d a t a  of r e f s .  15 and 16, i s  t h e  f a c t  t h a t  a s  
engine ope ra t ing  speed and t h e  Mach number i s  r e -  
duced t h e  peak a t t e n u a t i o n  moves more toward the  
midel ine  which i a  e lno  i n  agreement wi th  t he  pres-  
e n t  theory .  
Fa r -F ie ld  Radia t ion  with Ex te rna l  Flow 
F ig .  4 ohms the  f a r - f i e l d  r a d i a t i o n  peak f o r  
n e a r  cut -off  modes when the  murrounding medium i s  
almo moving which would r i m l a t e  a  wind tunnel  t e s t .  
Eq. (3'' .as used -pith t = 1 f o r  va r ious  duct  Mach 
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numbers (hD) and ex te rna l  flow Hach number &). 
When = 0 t he  r e s u l t s  a r e  t h e  same a s  i n  f i g .  3. 
However. a s  t h e  tunnel rpeed inc reases  pre- 
sumed t o  remain nea r ly  c o n a t m t )  t h e  mound radia-  
t i o n  moves back toward t h e  s i d e l i n e .  For exumple, 
rample ex t e rna l  v e l o c i t i e s  s i n u l a t i n g  approach and 
takeoff c o n d i t ~ o n s  a r e  ahown on f i g .  4. For t h e  
approach condi t ion  & - -0 .4)  a  a t a t i c  t e a t  would 
nhov the  near  cu to f f  m d e s  propagating a t  about 
66O while i n  s wind tunnel  t h i a  r a d i a t i o n  would oc- 
cur  near  78O f o r  M, = -0 .2 .  The d i f f e r e n c e  be- 
tween a  take-off s t a t i c  and tunnel t e s t  vould be  
lSO (from 53O t o  6E0). 
S ince  the re  i s  a  d i f f e r e n c e  between s t a t i c  and 
wind tunnel f a r - f i e l d  r a d i a t i o n  p a t t e r n s  even f o r  a  
s p e c i f i c  mode, a  co r r ec t ion  ahould be appl ied  t o  
wind tunnel dare  hefore  i t  i s  used i n  a  f ly-over  
ca l cu l a t ion .  Assuming t h a t  an inflow con t r a1  de- 
v i c e  has been used i n  t he  s t a t i c  t e s t a  s o  t h a t  
f l i g h t  modal s t r u c t u r e  has been r imula ted ,  the  d i f -  
ference  between t h e  s t a t i c  t e s t  angles  (r?+ ) and the  
tunnei t e s t  angles (Yp) must be reconciles. An ex- 
press ion can be der ived r e l a t i n g  these  two angles  
by e l iminat ing  the  cu t -o f f  r a t i o  ( 5 )  between eqs .  
eqs .  (12) and (32) o r  more simply by consider ing 
the  geometric r e l a t i o n s  s h m  i n  f i g .  2.  The f i n a l  
express ion i s ,  
This i s  equivaient  t o  the  express ion of r e f .  17 
which dea l s  wlth ex t e rna l  convective e f f e c t s  upon 
noise  r ad i a t ion .  This express ion s h w s  t h a t  those 
modes which propagate a t  f a r - f i e l d  angle vX i n  a  
s t a t i c  t e s t ,  v i l l  propagate a t  angle vrp i n  s  wind 
tunnel t e s t .  This co r r ec t ion  can be considerable .  
Fur example, with a  tunnel speed of only M, = -0.2, 
the  s t a t i c  da t a  measured a t  50°, 60°, and 70' should 
be s h i f t e d  t o  6 0 C ,  71°, and e1.5O f o r  a  wind tunnel 
t e s t .  Thi; v i l l  have the  e f f e c t  of s h i f t i n g  the  
usual ly  higher sound pressure  l eve l  da ta  of these  
forward angles back more t w a r d  the  s i d e l i n e .  It 
was assumed in the  above d i scuss ion  t h a t  t he  p r i n r i -  
pa l  lobes dominate t he  r a d i a t i o n  p a t t e r n  and t h a t  
even f o r  a  multimcdal p a t t e r n  the  s h i f t  w i l l  thus 
be proper ly  described by eq.  (34).  
Technically a  co r r ec t ion  ahould a l s o  be made 
f o r  the  sound pressure  l cve l  when t h e  angle s h i f t  of 
eq. (34) i s  made. By maintaining acous t i c  paver 
and a c c ~ u n t  ing f o r  t h e  p r i n c r ~ a l  lobe width change 
( so l id  ans l e  change) vhich  occurs v i t h  t he  angle  
s h i f t  t h e  folluwing express ion can be der ived,  
For tunnel Mach numbers between -0.2 m d  -0.4 the 
ro*~nd pressure  l eve l  s h i f t  f o r  t he  r t a t i c  t e s t  
angles between SO0 m d  90° i a  l e s s  than 1.5 dB. 
Thur; f o r  t he  s$. .el ine angles  of most i n t e r e s t  t h e  
sound pressure  l eve l  c o r r e c t i m  i s  probably no t  
a i . j n i f i can t ,  al though t h e  angle  a h i f t  of eq.  (34) 
rhould d e f i n i t e l y  be considered.  It ahould again  
be noted t h a t  r e i r r c t i o n  e f f e c t s  w i t h i 3  t he  v e l o c i t y  
g rad ien t s  near t he  i n l e t  f o r  a t a t i c  . . rats have n o t  
been considered here .  These e f f e c t s  should not  be 
g rea t ,  however, f o r  t he  near  r i d e l i n e  angles  of 
moot i n t e r e s  t. 
While t h e  r a d i a t i o n  theory presented in  t h i s  
paper appears t o  receive  pre l iminary  confirmation 
f r m  r t a t i c  engine t e s t s ,  t he re  i r  no t  y e t  any con- 
f i rmct ion of t h e  wind tunnel  e f f e c t s  r i n c e  the re  
were no da t a  ava i l ab l e .  Careful  t e s t i n g  would be 
required  t o  i n su re  t h a t  t he  r e s u l t s  were no t  masked 
by o the r  f a c t o r s .  For example, the  modal r t r u c t u r e  
of a  fan source vould be expected t o  be d i f f e r e n t  
f o r  a t a t i c  t e s t i n g  than f c r  wind tunnel t e s t i ng . (18 )  
Inflow c o n t r o l  devices (acreens) would be required  
t o  provide a  a t a t i c  t e s t  no i se  source  which would 
have a  chance t o  e imula te  t h e  modal content  produced 
by a  turbofan i n  a  wind tunnel .  
It rhould be noted t h a t  t h e  co r r ec t ions  d i s -  
cussed above must be made f o r  da ta  obtained i n  a  
wind tunnel  t e s t  s ince  i t  i s  t h e  d i r e c t i v i t y  p a t t e r n  
descr ibed as  a  funct ion  of rpx and n o t  Wp which 
i s  projec ted  t o  t h e  s t a t i o n a r y  observer  i n  a  s r m -  
l e t e d  f ly-over  c a l c u l a t i s n .  
Concluding Remarks 
The angles  of propagation f o r  t h e  wave f r o n t  
meking up a  duct  mode have been presented h e r e  wi th  
Mach number i n  the  duc t .  Approximate equat ions  have 
been der ived t o  provide simple u t i l i t a r i a n  expres- 
s ions .  These express ions  a r e  v a l i d  only near  the  
o u t e r  wa l l  which i s  t h e  most important region s i n c e  
t h e  bulk of the  a c o u s t i c  i n t e n s i t y  i s  located  the re  
and t h i s  i s  a l s o  where inc idence  angles  would be of 
i n t e r e s t .  Exact so lu t ions  us ing Hankel funct ions  
a r e  given i n  appendix A and these  corrobora te  the  
approximate so lg r ion  accuracy near  t he  o u t e r  w a l l .  
The main emphasis of t h i s  paper was t o  use t he  a x i a l  
propagation angle t o  i n f e r  information about :he 
f a r - f i e l d  r a d i a t i o n  p a t t e r n ,  The r e s u l t s n t  a x i a l  
angle  of propagation i n  t he  duct was shown t o  agree 
e x a c t l y  with the  peak of t h e  p r i n c i p a l  lobe of f a r -  
f i e l d  r a d i a t i o n  obtained from formal r a d i a t i o n  
c a l c u l a t i o n s  when the Mach number i s  uniform everv- 
where. The present  s o l u t i o n  was then extended t o  
cover t he  ca se  of d i f f e r e n t  Hach numbers i n s ide  and 
ou t s ide  t h e  duct  f o r  which exac t  ca l cu l a t ions  have 
not  been a v a i l a b l e  f o r  engine i n l e t  con f igu ra t ions .  
The new a n a l y s i r  s h w s  tha:: f o r  s t a t i c  :ngine t e s t s  
t h e  i n l e t  r a d i a t i o n  can be expected t o  he s h l f t e d  
considerably  t w a r d  the  i n l e t  a x i s  over t h a t  obta in-  
ed from previous  a n a l y s i s .  This  s t a t i c  t e s t  r ad i a -  
t i o n  s h i f t  can be shuvn t o  have pre l iminary  v e r i f l -  
ca t ion .  An e x t e r n a l  Ma;h number convective e f i e c t  
i s  a l s o  p red ic t ed  h i c t  would s h i f t  the  sound r ad i e -  
t i m  back toward the  s i d e l i n e  (compared t o  a  s t a t i c  
t e s t )  as  t he  e x t e r n a l  flow v e l o c i t y  i nc reases .  The 
r e f r a c t i o n  of t h e  sound by the  flow g rad ien t s  near  
t h e  i n l e t  could poss ib ly  be included i n  t he  analy- 
s i b ,  bu t  t h i s  e f f e c t  has  n o t  been included he re .  
Appendix A 
p j l i n d r i c a l  Wove Synthes is  of a  
Ducted Sp i~ ln ing  H .  
The e x t e r i o r  r a d i a t i o n  f i e l d  of an i n f i n i t e  
cy l inde r  s u s t a i n i n g  s t and ing  c i r cumfe ren t i a l  r u r f a c e  
o s c i l l a t i o n s ,  rynchronour i n  a x i a l  d i r e c t i o n ,  (f8f is ahown by Morse and Ingard  t o  be descr ibed by 
t h e  Hrnkel func t ion  combination. cos (m 8) Id1)  (kr )  
exp (-Lcc). As r r e p a r s t e  matt& i n . t h e - s &  r e f -  
ference  it is demonstrated t h a t  t he  modal compo- 
nen t s  of t h e  p re s su re  f i e l d  i n s i d e  a  ha rdva l l  r e c t -  
m g u l a r  duc t  may be rynthealzeA by complementary 
p a i r s  of inward and outward p lane  wave t r a i n s .  
These concepts may be combined and extended t o  With these  s u b s t i t u t i o n s ,  t h e  genera l  outward wave 
desc r ibe  the  f i e l d  of a  sp inning mode i n  a  c y l i n -  express ion,  eq.  (A-2) becomes 
d r i c a l  duc t .  
Let t h e  (complex) p re s su re  Pm - Pm(x,B,r, t)  
i n  the  duct  be expressed as  t he  mum of a  p a i r  of 
c y l i n d r i c a l  waves: 
The r a d i a l l y  outward vave i s  g iven by 
and the  matching inward wave i s  
?he eigenvalue a a s  i n  the  main t e x t  should con- 
t a i n  t h e  subsc r ip t s  m,p bu t  these  have been 
dropped f o r  b rev i ty .  and 4 2 )  a r e  Hankel 
functions of the f i r s t  and second kinds :  
Inward and outward wave des ignat ions  a r e  ap l i e d  as  
a  consequence of the f a r - f i e l d  na tu re  of Pe and 
P: which i s  d i sc losed  by the asymptotic be fav io r  
of the  Bessel  func t ions ;  
Two comments may be h e l p f u l .  F i r s t ,  i t  i s  ob- 
vious from eqs .  ( A - Z ) ,  (A-3). thfi t  the sum of FA 
and P: gives  t h e  duct  mode f i e l d  of eq .  ( K ) .  
Second, the opposi te  s igns  app l i cab le  t o  P, r e -  
qu i r e  t he  wave t o  muve r a d i a l l y  inward i n  o rde r  t o  
conserve phase.  
The n e a r - f i e l d  behavior of t he  outward wave 
be found by r ep re sen t ing  the  Hankel func t ion  
n  po la r  form: 
vhere  t he  amplitude 
1 
and em, the  phase of Hm, i s  
(A- 8 
The loca l  wave d i r e c t i o n  and phase ve loc i ty  a r e  
obtained by examining t h e  exponent 
X = k  x + m e + o m  
X 
(A- 10) 
A plane  t h a t  i s  l o c a l l y  tangent  t o  t h e  wave 
f r o n t  w i l l  be governed by t h e  requirement t h a t  t he  
phase,  X i s  conserved over a  small  dikplacement 
occurr ing  during a  corresponding small time i n t e r -  
va l .  For t h i s  phase conservat ion  dX = 0 o r  
dX - kxdx + mde + 
(A- 11) 
Wri t ing  
(A- 12) 
and in t roducing the  c i r c u m f e r m t i l l  a r c  length coor- 
d i n a t e  
S = re (A- 13) 
t he  equat ion  of t he  l o c a l  phase plane becomes 
k dx + k ds + krdr = d t  (A- 1 L a )  
The c o e f f i c i e n t s  of t he  d i f f e r e n t i a l  coordinates  
i n  (A-14) a r e  t he  a x i a l ,  t a n g e n t i a i ,  and r a d l a l  
corcponents_of the  l o c a l  wave nurnher v e c t o r ,  de- 
note: by K. On d iv id ing  (A-14) by the  magnitude 
of K, denoted by K t h e r e  fo l lows:  
where 
con Qx = k x / ~  1 
(A- 16) 
(A- 17 ) 
Eq. (A-15) ig the  normal form of a  plane wi th  computed from the  main t e x t  eq. (21), which i s  
d i r e c t i o n  angles  T,, G s ,  v r ,  t r a v e l i n g  a t  8  l o c a l  based on the  approximation K - k o r  K' = I ,  a r e  
phase v e l o c i t y  Vph = d K .  If K i s  expressed a s :  included. These values  show t h a t  t he  g r e a t e s t  d ~ -  
pa r tu re s  from "cor.ventiona1" o r  f a r - f i e l d  behavior 
occur near  cu to f f  f o r  t he  l oves t  order  m and IJ 
modes. The depa r tu re s ,  however, a r e  q u i t e  minor: 
! For the  "worst" case ,  the  (1,O) mode a t  c u t o f f ,  t h e  phase v e l o c i t y  depa r t s  from conic by only 6  percent  (A-18)) and the exact  an; approximate w a l l  incidence angles  
d i f f e r  by about 2O. Thus the  e s s e n t i a l  assumption 
the  magnitude of t h e  phase v e l o c i t y  becomes used i n  de r iv ing  the  r e s u l t s  of the nuin t e x t ,  
namely t h a t  f o r  MD - 0 t h e  rquares of t h e  a x i a l ,  
vph =iL"*. = -5 (A-19) t angen t i a l ,  and radialwave-number components sum 
K kK' K '  t o  t he  aquare o f  the  ordinary  wave number, k = u i c ,  
a t  t he  we l l  radius .  i s  i n  exce l l en t  o r e c t i c a l  anrce- 
- 
n u s  t h e  v e l o c i t y  d i f f e r s  f rm t h e  speed me"' with r e s u l t s  of the exact ana lys i s .  as-  
of sound by ,J,~ fac to r  l / K l .  I t  can be that  eumpfion impl ies  t h a t  t h e  eigenvalues which a r e  
K' > 1 and approaches 1 as  ( a r / r o )  - m, s o  t h a t  t h e  independent j f  4, a r e  r e l a t e d  by kt + k$, 
nea r - f i e ld  phase v e l o c i t y  i s  always 8ubsonic. This *fe = Q'ro) . 
means t h a t  t h e  sum of t h e  squares of t h e  wave num- F i n a l l y ,  i t  may be o f  some i n t e r e s t  t o  no te  
bers  kx, k,, kr ,  add up t o  K2, which i s  l a r g e r  t h a t  t h e  r i t u a t i o n  changes r a d i c a l l y  as  t he  duct  
than the  bquare of t he  ordinary  wave number, k = ax i s  i s  apprcached more c lo se ly .  Calcula t ions  fhov 
d c .  t h e  following (m d 0 ) :  
Further  work r equ i r e s  eva lua t ion  of @;(ar/ro), 
the  de r iva t ive  of t he  phase of t h e  Hsnkel func t ion  
H$,l)(arir0). It i s  found t h a t  
This express ion allows computation of the  l q c a l  
wave speed and direction angles f o r  a  wave a t  any 
radius  us ine  eqs.  (A-16) t o  (A-19). 
Thus near t he  ex i s  t he  l o c a l  wave v e l o c i t y  i s  very 
smal l  and i s  e s s e n t i a l l y  c i r cumie ren t i a l  i n  d i r e c -  
t ion .  This  c o n t r a s t s  with t h e  w a l l  behavior where 
t he  phase v e l o c i t y  i s  almost son ic  and t h e  wave d i -  
r e c t i ~ n  i s  predominantly a x i a l - r a d i a l .  
some ca1culatior.s  were made f o r  t he  wal! r ad ius  
l oca t ion  r ro ,  i n  the  % = 0 case ,  f o r  cutoff  
r a t i o s  of 1 and 2.  The t a b u l a t i o n  i n  t a b l e  A l  pre- 
s e n t s  va lues  of K '  and the  wa l l  inc idence  angle 
qr (eq. (A-16)). For comparison, va lues  of vr 
TABLE A l .  - VAU'ES OF K '  kID 7, FOR MD - 0, r = r 
Cutoff r a t i o  5 = 1 Cutoff r a t i o  - 2 
C~ (exact )  5r (approx) 
-._I_-= 
f  i e d  
Appendix B 
Wave-front&opaeatian Angles w i t h  F l w  
This  appendix i s  in tended  t o  p r w i d e  a  r i m p l i -  
example o f  o b t a i n i n g  t h e  a n g l e s  o f  p ropaga t ion  
o f  t h e  wave f r o n t s  i n  a  d u c t  w i t h  flow. T O - P ~ N ~  
t h i s  purpose a  s imple  two dimensional  r e c t a n g u l a r  
g e o w t r y  w i l l  be ured.  The wave e q u a t i o n  s o l u t i o n  
can  be g iven  a s ,  
i(wt-kxX) 
P - e  cos kyY 
The second r e p r e s e n t a t i o n  i n  eq.  (B-1) b r e a k s  
t h e  modal c o s i n e  f u n c t ~ o n  i ~ t o  t h e  two wave f r o u t s  
r e p r e s e n t i n g  t h i s  mode. The f i r s t  wave t r a v e l s  i n  
t h e  +y d i r e c t i o n  w h i l e  t h e  second wave t r a v e l s  i n  
t h e  -y d i r e c t i o l . .  C o n c e n t r a t i n g  on  t h e  +y, 
moving wave t h e  e x p o n e n t i a l  phase q u a n t i t i e s  a r e  
ga thered  t o g e t h e r  and s e t  e q u a l  t o  a  c o n s t a n t  t o  
r e p r e s e n t  a  c o n s t a n t  phase l i n e  o r  wave f r o n t  4 6 ,  
- kxx - kyy = c o n s t a n t  (B-2) 
I f  t ime t i s  a l s o  cons idered  a s  a  c o n s t a n t ,  
an i n s t a n t a n e o u s  r e p r e s e n t a t i o n  of t h e  s l o p e  of t h e  
wave f r o n t  can be o b t a l n e d  by d i f f e r e n t i a t i n g  
eq. (B-2) t o  o b t a ~ n ,  
Now a  s k e t c h  of t h e  wave f r o n t  can be  con- 
s t r u c t e d  a s  i n  f i g .  BI. The a n g l e s  of i n t e r e s t  a r e  
C, and c y  t h e  a n g l e s  between t h e  wave f r o n t  nor -  
mal and t h e  c s o r d ~ m t e  axes.  By s i m i l a r i t y  of  t r i -  
a n g l e s  these  a n g l e s  can a l s o  be  i d e n t i f i e d  i n  t h e  
t r i a n g l e  d r a m  t o  show t h e  weve f r o n t  e lope .  It is 
now obvious t h a t ,  
and 
Cp t o  t h i s  p o i n t  i n  t h e  d e r i v a t i o n  t h e r e  was n o  
c o n s ~ d e r a t i o n  o f  t h e  d u c t  Mach number MD. T h i s  e f -  
f e c t  i s  obta tned  by inserc!ng t h e  prersur t !  r o l u t i o n  
i n t o  t h e  wave e q u a t i o n  t o  o b t a i n  t h e  r e l a t i o n s h i p  
The wave number ky i s  n o t  a  f u n c t i o n  of  I ~ D ,  b u t  
r i n c e  t h e  denominators of  e q r .  (8-4) and (B-5) a r e  
f u n c t i o n s  o f  %, then  both  cp, and vy depend 
upon d u c t  Mach number. 
betweer, t h e  wave numbers a s ,  I 
vh ich  i s  s i m i l a r  t o  t q .  (3) i n  t h e  main t e x t .  
Eq. (B-6) i m n e d i a t e l y  g i v e s  
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Flgure 4. - Effect of external and duct veloclt~es on far- 
held propagation angle lor near cutoff modes. 
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dlmenrlon rectangular duct. 
Rgurt 3. - C o n v ~ t l v e  effect upon far- f~cld radiation 
principle We angle f w  i n l d s  under Sbtlc t a t  
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